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Abstract 
This report discusses the extension of the DART model as used by the Netherlands Envi-
ronmental Assessment Agency (DART-PBL) with non-unitary income elasticities. This 
extension is introduced in the model through the specification of a Linear Expenditure 
System (LES). In this report, the underlying rationale for this extension is provided and a 
detailed explanation is given for the changes in the GAMS model structure. Secondly, a 
short discussion is given of the modelling advice on extending the DART-PBL model 
with elastic land supply through the specification of endogenous land supply curves. The 
latter discussion is based on consultations with Adriana Ignaciuk (PBL). The GAMS 
source code is provided separately but is an essential part of this deliverable. 
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1.  Introduction 
PBL uses the integrated assessment model DART for its analyses of the world economy. 
In the current version of DART-PBL the consumption pattern is presented by standard 
CES function. The use of (nested) CES utility functions implies that relative preferences 
(the preference for one commodity with respect to other consumption commodities) do 
not depend on the level of income. In other words, the indirect utility function is homo-
genous of degree one in income and the income elasticities equal one for all consump-
tion commodities. 
Furthermore, land supply is fixed in DART-PBL. Thus, the supply of land is exoge-
nously given, regardless of the pressure on land use, for instance through a major devel-
opment of biomass for energy purposes. 
The project aims to provide a more realistic representation of (i) behaviour of households 
in response to income changes, and (ii) supply and use of land in the various sectors in 
response to land prices changes.  
Section 2 of the report deals with the implementation of non-unitary income elasticities. 
Section 3 discusses the specification of elastic land supply. Section 4 concludes. 
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2.  Non-unitary income elasticities 
2.1 Introduction 
The CES utility function with unitary income elasticities implies that if income  
increases, ceteris paribus there will be no changes in the composition of the consump-
tion bundle. In reality some commodities can be characterised as basic commodities, i.e. 
commodities that have a relatively large share in consumption when income is low, 
which declines with rising income. On the other hand, luxury commodities exist which 
will have an increasing share in total consumption as income rises. Basic commodities 
have an income elasticity of less than one, while luxury commodities have income elas-
ticities above unity. 
One way to introduce non-unitary income elasticities into the model is to use the Linear 
Expenditure System approach (Stone, 1954). The representative consumer is split into 
two parts: a ‘subsistence consumer’ and a ‘surplus consumer’. The subsistence consumer 
represents the basic demand by the consumer. It is specified with a Leontief function, i.e. 
no substitution possibilities between different consumption commodities, and has an 
exogenously given size. The surplus consumer reflects how additional income is spent, 
and has positive substitution elasticities between the different consumption commodities. 
Though the surplus (sometimes called ‘supernumerary’) part of consumption has unitary 
income elasticities, total consumption does not. This is the case because for every com-
modity, the division between ‘subsistence’ and ‘surplus’ is different. For basic commodi-
ties, the major part of consumption is attributed to the subsistence consumer, while for 
luxury commodities a relatively large part is attributed to the surplus consumer. Intui-
tively, one can think of the introduction of the subsistence consumer as changing the  
origin for the utility function of private households. 
The LES split of consumption of private households is carried out as follows: 
.
, ,1
jsubs
j t j tC Ccst
η⎛ ⎞= − ⋅⎜ ⎟⎜ ⎟⎝ ⎠
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where jη  is the income elasticity for commodity j and ,j tC  is total consumption of 
commodity j in period t.  
Dellink (2005) suggests choosing the scaling factor for subsistence quantities as follows:  
{ }., ,1 jsubsj t j tk kC CMax
η
η
⎛ ⎞⎜ ⎟= − ⋅⎜ ⎟⎝ ⎠
  
This transformation results in a base quantity equal to zero for the commodity with the 
highest income elasticity and positive base quantities for all other commodities. If infe-
rior commodities are excluded from the model (which can be done without problems 
given the level of aggregation), all surplus quantities are also positive. The intuition  
behind the transformation function is that the constant cst only determines how much of 
total consumption is assigned to the surplus part of consumption, but does not influence 
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the elasticities. It should be noted that the subsistence quantities are a modelling con-
struct and as such do not directly represent survival rates of consumption (for e.g. food) 
or “lower fundamental needs” in the Pyramid of Maslow. The scaling factor can, how-
ever, be used to calibrate ‘empirically meaningful’ subsistence quantities. The imple-
mentation in this project follows Dellink (2005) for calibrating to the base year of the 
model (2001). The application of LES in Dellink (2005) concerns a forward-looking 
Ramsey type model. Therefore, a separate updating procedure is implemented here to fit 
the LES structure to the Solow-Swan model set-up of DART-PBL. Following Van der 
Mensbrugghe (2005), the subsistence quantities are updated every year for regional 
population growth. 
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Source: Gerlagh et al. (2001). 
Figure 2.1 The linear expenditure system. 
Figure 2.1 illustrates how the linear expenditure system changes income elasticities. 
Point A in the figure represents the current consumption bundle, while point B gives the 
consumption bundle attributed to the subsistence consumer. If income decreases, the 
subsistence consumption remains constant, so that surplus consumption shifts linearly 
from A to B, instead from shifting linearly from A to the origin O. In this way, a  
decrease in the consumption of the private households will lead to a more than propor-
tionate decrease of total consumption of luxury commodities, and a less than proportion-
ate decrease in total consumption of basic commodities. The transformation-constant cst 
determines where point B is on the line through A and B, without affecting the slope of 
this line. 
In effect, the (intertemporal) utility function is of the Stone-Geary type:  
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where iθ  refers to the inverse of the intertemporal elasticity of consumption (see for  
example Phlips, 1974, or Barro and Sala-i-Martin, 1995, for more details). 
Consumer income from the sale of endowments is fully attributed to the surplus part of 
consumption; for the subsistence part, a fixed part of income is transferred from the sur-
plus consumer (modelled as a lump-sum transfer). This ensures that the subsistence part 
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of consumption does not react to the policy impulse. In the presentation of the results, 
the subsistence and surplus parts have to be grouped together, as they represent only one 
representative consumer.  
As the subsistence quantities can be scaled, as only their magnitudes relative to each 
other are essential to create the appropriate income elasticities. Therefore, an empirically 
relevant level of subsistence consumptions can easily be implemented.  
2.2 Implemented model changes 
First, the income elasticities are read from an Excel file, and from these the subsistence 
quantities are calculated using the formula given above. Then, the regional consumption 
quantities vpm are updated to reflect only the surplus part 
In GAMS model terms, the following code is added:  
 SUBSshare("c",i,r) = 1-incelas(i,r)/smax(j,incelas(j,r)); 
 vpmbase(r) = SUM(i,SUBSshare("c",i,r)*vaa("c",i,r)); 
 vpmsurplus(r) = vpm(r) - vpmbase(r); 
Next, the utility function, represented in production block c(r), is updated to reflect only 
the surplus part of consumption: 
 o:pc(r)         q:vpmsurplus(r) 
 i:pad("c",i,r)  q:((1-subsshare("c",i,r))*nosr(i,r)*vaa("c",i,r)) 
 i:pec("c",r)    q:(sum(e,(1-subsshare("c",e,r))*vaa("c",e,r))) 
The subsistence consumption is expressed in GAMS/MPSGE directly as part of the rep-
resentative agent, ra(r). Thus, rather than having one demand line for all consumption, 
the representative agent demands surplus consumption and has a negative endowment of 
subsistence consumption. This construct ensures that the subsistence consumption is 
met, regardless of variations in income and price levels. 
 d:pc(r)        q:vpmsurplus(r) 
 e:pad("c",i,r) q:(-subsgrow(r)*subsshare("c",i,r)*nosr(i,r) 
                   *vaa("c",i,r)) 
 e:pec("c",r)   q:(-sum(e,subsgrow(r)*subsshare("c",e,r) 
                   *vaa("c",e,r))*aeei("c",r)) 
Every year, the subsistence quantities are updated within the loop over time periods as 
follows:  
 subsgrow(r)$(NOT TFIRST(YR)) = subsgrow(r)*(1+gp(YR,r)); 
 vpmbase(r) = subsgrow(r)*SUM(i,SUBSshare("c",i,r)*vaa("c",i,r)); 
The first line says that for all years except the first year subsistence consumption grows 
with the population growth rate gp(yr,r). The second line updates total subsistence 
consumption accordingly. 
Finally, in the reporting, the level of total consumption is no longer reflected in the activ-
ity level of ra(r), as the negative endowments are not included there. Therefore, total 
consumption as calculated as ra.L(r)+vpmbase(r). Alternatively, consumption 
levels can be read from the activity level of utility function c(r). In the original DART-
PBL model, this is calculated as CONS(yr,r) = c.L(r)*vpm(r); in the revised 
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model the correct calculation is  
CONS(yr,r) = c.L(r)*vpmsurplus(r)+vpmbase(r). 
2.3 Options for further extensions 
As mentioned above, the subsistence quantities can be scaled such that their quantities 
have empirical relevance. Given the aggregated nature of the commodities in the model, 
such a rescaling should, however, be executed with care. Note also that the specification 
implemented in this project already involves the correction of subsistence quantities for 
population growth. 
One further development in the specification of household consumption behaviour in the 
model that can be implemented relatively easily is the incorporation of an ELES con-
sumption function. The ELES function is an extension of the standard LES function but 
includes savings as part of the demand system. That is, rather than having exogenously 
fixed savings, as is normal in Solow-Swan type recursive-dynamic models such as 
DART-PBL, savings also become a function of income. An excellent example of an ap-
plication using the ELES demand system in recursive-dynamic modelling is the ENV-
LINKAGES model of OECD (2008). For more information on ELES see Lluch (193) 
and Howe (1975). Rimmer and Powell (1996) provide an interesting alternative demand 
system, AIDADS, with attractive properties, but this alternative is much less popular in 
applied models. 
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3. Suggestions for the implementation of elastic land 
supply 
This section reports the discussions with Adriana Ignaciuk of PBL. No changes in the 
model code were made. 
In the original version of the DART-PBL model, land is distinguished as a separate pro-
duction factor for certain sectors, including agriculture. This production factor represents 
an aggregate of all different types of land used by these sectors, and provided in fixed 
supply. In reality, land supply will react to changes in the pressure for land. In the model, 
such pressure is captured through developments in the price level of the land: as supply 
is fixed, any increase in demand can only result in a price increase, as the equilibrium 
framework enforces that aggregate demand and supply are equal.  
PBL indicated that an elastic land supply, i.e. a supply that responds to price changes, 
can be formulated using a supply price elasticity. Following the collaborative work of 
PBL and LEI in the successful linking of the IMAGE and LEITAP models (Banse et al., 
2008), a land supply curve can be estimated and used to determine land supply endoge-
nously. The formula suggested by Banse et al. is: 
 ( ) 10 LSr rLS A P αα −= − ⋅  
where r denotes the region, LS reflects land use in hectares, PLS is the associated rental 
rate (price) and A, αo and α1 are calibration parameters that govern the price responsive-
ness of land supply.  
In the DART-PBL model, land use is not provided in hectares, but as an aggregate com-
modity in billions dollars. Thus, the land supply curve cannot be implemented directly 
but needs to be adjusted to fit the DART-PBL model variables. 
The relevant model variables are: 
(i) The benchmark endowment of land per region r, evom(“land”,r);  
(ii) The benchmark rental rate of land use per region, pevom(“land”,r); 
(iii) The endogenous price level of land use per region, pf(“land”,r).  
Following the Harberger convention, all benchmark prices are equal to one 
(pevom(“land”,r)=1), and benchmark quantities reflect benchmark values. The en-
dogenous price level acts as a multiplier on the benchmark rental rate, i.e. actual price 
level in the model simulations equals pevom(“land”,r)*pf(“land”,r), but as 
pevom equals one, this variable can be ignored in the rest of this analysis. By definition, 
in equilibrium total demand equals total supply, and therefore demand for land does not 
need to be considered here. 
Furthermore, information is available from IMAGE on: 
(i) Benchmark land supply in hectares per region, LS(r); 
(ii) Benchmark rental rate per hectare per region, PLS(r); 
(iii) Calibration parameters A, a0 and a1. 
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By definition, in the benchmark the value of land in model terms equals the value of land 
in hectares: evom(“land”,r)*pevom(“land”,r) = LS(r)*PLS(r). 
The value of PLS, i.e. the rental rate per hectare, can be derived from this identity, as the 
other three elements are known:  
PLS(r) = evom(“land”,r)*pevom(“land”,r)/LS(r) 
       = evom(“land”,r)/LS(r). 
Note that prices in hectares vary proportionally with variations in the model price of 
land, i.e. the endogenous price of land per hectare equals PLS(r)*pf(“land”,r).  
These properties can be exploited to specify a rationing constraint on land use in the 
model. A multiplication factor for physical land use can be applied directly to ration land 
supply in the model. Denote the rationing multiplier on land use in the model as 
LANDRAT(r); then, it follows that rationing land supply as 
LANDRAT(r))*evom(“land”,r) in line with the land supply curve given above is 
realised through calculating LANDRAT(r) using  
LANDRAT(r)*LS(r) = A – a0*(PLS(r)*pf(“land”,r))**(-a1). The 
benchmark values for LANDRAT(r) and pf(“land”,r) equal unity, and thus the 
rationing constraint in this case corresponds directly to the calibrated land supply curve. 
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4. Final remarks 
This report presented the extension of the DART-PBL model to incorporate non-unitary 
income elasticities and a short discussion on the potential implementation of elastic land 
supply. While the most important model code changes are given in this report, the  
revised GAMS codes delivered are an essential part of the deliverables of this project. In 
the GAMs codes, all changes in the code are clearly indicated, and the original specifica-
tions are reproduced (but commented out to ensure proper model execution in GAMS) 
for easy comparison.  
The implemented changes will have a minor impact on the benchmark development of 
GDP and other macroeconomic variables in the model. It is recommended that PBL  
carries out a check whether they find the new benchmark developments acceptable. If 
necessary, the regional total factor productivity growth rates can be recalibrated to con-
struct a revised benchmark development. 
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